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Abstract. We set up cosmological perturbation theory and study the cosmological implications of the so-called “generalized
Galileon” developed in [6, 7]. This is the most general scalar field theory whose Lagrangian contains derivatives up to second
order while keeping second order equations of motion, and contains as sub-cases k-inflation,G-inflation and many other models.
We calculate the power spectrum of the primordial curvature perturbation, finding a modification of the usual consistency relation
of the tensor-to-scalar ratio in k-inflation or perfect fluid models. Finally we also calculate the bispectrum, which contains no
new shapes beyond those of k-inflation.
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1 Introduction
Recently a great deal of effort has been devoted to developing consistent modified gravity theories which, as an alternative to
to dark energy or the cosmological constant, may provide an explanation of cosmic acceleration (for a recent review, see [1]).
Such IR modification of gravity arise, for example, in higher-dimensional setups as in the DGP model where self-acceleration
is sourced by a scalar field φ, the helicity-0 mode of the 5D graviton. On small scales the DGP model also reproduces general
relativity due to non-linear interactions operating through the Vainstein mechanism [2]. Other theories of modified gravity, such
as DBI-galileons can also be obtained from a higher dimensional approach [3].
Generally, modified gravity models contain additional degrees of freedom which can often be viewed as scalar fields. In
this paper we consider models with a single scalar field φ, though allowing for couplings between φ and the metric which may
be very different from the standard couplings and potentials considered in many inflationary models. Indeed, the context of our
work is that of the “generalized Galileon” derived in [6] (see also [7]).
While there are numerous different models of inflation with different actions and potentials [8] – for example chaotic
inflation, small/large-field inflation, k-inflation and DBI-inflation to name a few – single-field k-inflation [9], in particular, at-
tracted a lot of attention since it is the most general scalar field theory with a Lagrangian containing derivatives up to first order
L = L(φ,∇φ) (and hence, clearly, having second order equations of motion). Indeed, all the inflationary models listed above
are a special case of k-inflation, and for that reason the development of cosmological perturbation theory in general case of
k-inflation has a broad range of applicability.
In this paper we go beyond k-inflation and study the most general Lagrangian in 4 space-time dimensions which contain
both first and second derivatives of the scalar field, L = L(φ,∇φ,∇∇φ), but constructed such a way that the field equations for
both the metric and the scalar field remain second order [6, 7]. This prevents the theory from having extra degrees of freedom as
well as Ostrogradski instabilities [10], and thus yields a possibly viable higher-order derivative scalar field theory. This general
Lagrangian includes, in certain limits, the decoupling limit of DGP model [11] as well as some consistent theories of massive
gravity [12, 13]; and it also includes the “Galileon” model [14], the conformal Galileon [15], K-mouflage [16], and also “G-” or
“KGB” inflation [20, 33]. Finally, in a very simple limit (which can be useful to check results) it also reduces to k-inflation. Our
aim is to study cosmological perturbation theory in the context of this very general Lagrangian, outlined in Section 2, working
both to second as well as third order so as to study non-Gaussianities. The formalism we develop is therefore applicable to a
large class of models. As such, this paper is rather technical – since we crank the standard handle of cosmological perturbation
theory – but the results are rather general.
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As we will see below, see equation (2.1), the Lagrangian we consider [6] contains four free functions which will play an
important roˆle in the following. We denote them by
K(X,φ), and G(n)(X,φ), n = 1, 2, 3 (1.1)
where φ is the scalar field, and
X = −1
2
gµν∂µ φ∂νφ, (1.2)
is its kinetic term (we work with a mostly positive signature). To obtain the Lagrangian of k-inflation [9] one must simply set
K 6= 0 , G(1,2,3)(X,φ) = 0, (k-inflation limit). (1.3)
The Galileon Lagrangian [14, 17] is obtained when
K = Xc(0), G
(1) = Xc(1), G
(2,3)
,X = Xc(2,3), (Galileon limit) (1.4)
where the c(n) are (dimensionful) constants. (The effective scalar field Lagrangian in the decoupling limit of the DGP model is
obtained by setting c(2) = c(3) = 0.) In this case the Lagrangian will be invariant under shifts of the field, namely φ → φ + c.
In general, when K(X,φ) and G(n)(X,φ) are non-vanishing functions of X and φ, shift symmetry is broken (as indeed is the
“Galileon” symmetry [14] since we work in curved backgrounds). Without shift symmetry, questions of the stability of the theory
against large renormalisation may arise [28], but we do not dwell on this point here.
To obtain the Lagrangian of G-inflation [20] (or equivalently KGB-inflation [33]), one must set
K,G(1) 6= 0, G(2) = G(3) = 0 (G-inflation limit). (1.5)
Cosmological perturbations has been studied in Galileon model [18–25]. Primordial non-Gaussianities [26–31] have been studied
in G-inflation limit, and it was shown [29] that to leading order in slow-roll parameters there are no new momentum shapes for
the bispectrum (beyond the standard ones of k-inflation). Despite that, a distinctive feature of G-inflation is that, though it has
only a single scalar field, its energy momentum tensor takes the form of an imperfect fluid [33, 34] (contrary to the k-essence
models). This fact sheds some light on the understanding of imperfect fluids in cosmology, and furthermore can lead to violations
of the null enery condition thus opening up a whole range of possibly exotic phenomena [35]. Problems of superluminality may
arise in this case, though it is still under debate as to whether causality is violated in general [36]. Previous understanding of the
conservation of curvature perturbation on super-Hubble scales relied highly on k-essence or perfect fluid models: it is interesting
to see [38, 39] that this conservation law still holds in the generalized Galileon model, that is when the functions K and G(n) are
all taken to be arbitrary functions of φ and X .
In this work, we keep the greatest generality by taking the full Lagrangian of generalized Galileon [6, 7] into account: that
is, arbitrary functions K and G(n). We derive the background equations of motion for an inflationary background, around which
we calculate the power spectrum and the bispectrum of the primordial curvature perturbation ζ (the background evolution and
linear perturbations of the generalized Galileon [6, 7] were also investigated very recently in [23], see also [24] for a discussion
of self-tuning mechanism on FRW background). We find a modification of the familiar consistency relation of the tensor-to-
scalar ratio. From the theoretical point of view, the results presented here can be used to study the evolution of cosmological
perturbations as well as the observational implications numerous models.
This paper is organized as follows. In Sec. 2, we review the generalized Galileon model. Background evolution of our model
and linear perturbations are studied in Sec. 4. In Sec. 5, we compute the full third-order action for the curvature perturbation and
evaluate the corresponding contributions to the bispectrum. Final section is devoted to conclusion and discussion.
2 Generalized Galileons: Field equations
In [6], the most general scalar field action which contains at most second derivatives of φ, is polynomial in these second deriva-
tives, and which leads to second order equations of motion in flat space-time, was constructed in D dimensional space-time. Its
“covariatization” [17] leads to an action with field equations which are second order or lower for both φ and the metric. In 4D
this is the unique action with second order equations of motion [7], and is given by
S =
∫
d4x
√−g
(
1
2
R +
3∑
n=0
Ln
)
, (2.1)
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where we have set M2pl = 1/(8πG) = 1, and
L(0) = K (X,φ) , (2.2)
L(1) = G(1) (X,φ)✷φ, (2.3)
L(2) = G(2),X (X,φ)
[
(✷φ)
2 − (∇µ∇νφ)2
]
+RG(2) (X,φ) , (2.4)
L(3) = G(3),X (X,φ)
[
(✷φ)
3 − 3✷φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
− 6Gµν∇µ∇νφG(3) (X,φ) . (2.5)
Here, as discussed in the introduction, K(X,φ) and G(n)(X,φ) are arbitrary functions of φ and X (defined in (1.2)). In L(2),
(∇µ∇νφ)2 = (∇µ∇νφ) (∇µ∇νφ) and R is the Ricci scalar. Thus in principle the Einstein-Hilbert action R/2 in (2.1) can be
viewed as a special case of L(2) with G(2) = 1/2. However, since for certain applications of our analysis we may wish to set
L(2) = 0 (see (1.3)-(1.5)), we keep the Einstein-Hilbert term explicit. Whilst the Lagrangian L(0) and L(1) are familiar from k
and G-inflation, terms L(2,3) represent completely new class of scalar field theories which has not been explored so far. In L(3),
(∇µ∇νφ)3 = (∇µ∇νφ) (∇µ∇ρφ) (∇ρ∇νφ)
whereas Gµν is the Einstein tensor. Notice that a term Gµν∂µφ∂νφ, discussed in for example [25], can by obtained by setting
G(3) ∝ φ.
For completeness, we collect the corresponding equations of motion for the Galileon scalar field and the metric. The
Einstein equation following from (2.1) is
Gµν = Tµν ≡
3∑
n=0
T (n)µν , (2.6)
where a superscript “(n)” denotes the contribution from L(n). Using the notation G(n),X = ∂G(n)/∂X and G(n),φ = ∂G(n)/∂φ, the
stress-energy tensors T (0,1)µν are given by [33, 34]
T (0)µν = Kgµν +K,X∇µφ∇νφ, (2.7)
T (1)µν = −
(
∇λG(1)∇λφ
)
gµν + 2∇(µG(1)∇ν)φ+φG(1),X∇µφ∇νφ
= −
(
G
(1)
,X∇λX∇λφ− 2XG(1),φ
)
gµν +
(
G
(1)
,Xφ+ 2G
(1)
,φ
)
∇µφ∇νφ+ 2G(1),X∇(µφ∇ν)X. (2.8)
Here, from (1.2),∇µX = −∇µ∇λφ∇λφ. As observed in [33, 34], T (1)µν contains second derivatives (but not higher, by construc-
tion) of φ, and as a result Einstein’s equations (2.6) (as well as the scalar field equations of motion) contain second derivatives
of both the metric gµν and of φ as soon as L(1) is present. There is no conformal transformation that can diagonalise the system
of equations, which remain coupled: this phenomenon has been dubbed kinetic braiding [33]. The expressions for T (2,3)µν are
rather more involved, again containing second derivatives of φ, but they now also contain second derivatives of gµν . In particular
[23, 39]
T (2)µν = gµν
{
RG(2) −G(2),X
(
(φ)
2 − (∇ρ∇σφ)2
)
+ 4XG
(2)
,φφ − 2G(2),XX∇ρX∇ρX
−2
(
2G
(2)
,Xφ +φG
(2)
,XX
)
∇ρφ∇ρX + 2φ
(
2XG
(2)
,Xφ −G(2),φ
)
+ 2G
(2)
,XRρσ∇ρφ∇σφ
}
+
[
G
(2)
,XR+ 4φG
(2)
,Xφ + 2G
(2)
,φφ +G
(2)
,XX
(
(φ)2 − (∇ρ∇σφ)2
)]
∇µφ∇νφ
+4
(
φG
(2)
,XX + 2G
(2)
,Xφ
)
∇(µφ∇ν)X + 2G(2),XX
(∇µX∇νX − 2∇ρX∇ρ∇(µφ∇ν)φ)
+2
(
G
(2)
,Xφ+G
(2)
,XX∇ρφ∇ρX − 2XG(2),Xφ +G(2),φ
)
∇µ∇νφ
−2G(2),X
(∇ρ∇µφ∇ν∇ρφ+ 2∇(µφRν)ρ∇ρφ+Rρµσν∇ρφ∇σφ)− 2G(2)Rµν . (2.9)
The expression for T (3)µν is given in Appendix B.
While the stress-energy tensor T (0)µν is clearly of the perfect fluid form, T (1,2,3)µν are not. In the local rest frame defined by
the effective four-velocity
uµ =
∇µφ√
2X
uµu
µ = −1 (2.10)
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the stress energy tensors take the general form
T (n)µν = ρ
(n)uµuν + P
(n)(gµν + uµuν) +
(
uµq
(n)
ν + uνq
(n)
µ
)
+ π(n)µν (2.11)
where ρ(n) = T (n)µν uµuν is the energy density, P (n) the isotropic pressure, q(n)µ the energy flow, and π(n)νµ = π(n)µν the anisotropic
stress. The expressions for ρ(1), P (1) and q(1) can straightforwardly be read off from (2.8) from which it follows that π(1)µν = 0.
For T (2,3)µν the situation is yet more complicated, and from (2.9) and (B.1) they both lead to non-vanishing anisotropic stress
π
(2,3)
µν as well as energy flow. The consequences of this non-perfect fluid picture have been discussed in [33, 34, 39].
The equation of motion for the scalar field φ is given by
3∑
n=0
E(n) = 0, (2.12)
where
E(n) = ∇µJ (n)µ + L(n),φ . (2.13)
The currents J (n), which are only conserved when the theory is shift-symmetric L(n),φ = 0, are given by
J (0)µ = K,X∇µφ, (2.14)
J (1)µ = φG
(1)
,X∇µφ+∇µG(1), (2.15)
J (2)µ =
[(
(φ)2 − (∇µ∇νφ)2
)
G
(2)
,XX +RG
(2)
,X
]
∇µφ+ 2∇ν
(
G
(2)
,X (✷φg
µν −∇µ∇νφ)
)
, (2.16)
J (3)µ = −
[
6Gρσ∇ρ∇σφG(3),X −
(
(φ)
3 − 3φ (∇ρ∇σφ)2 + 2 (∇ρ∇σφ)3
)
G
(3)
,XX
]
∇µφ
+∇ν
[
G
(3)
,X
(
3 (✷φ)
2
gµν − 3gµν (∇ρ∇σφ)2 − 6✷φ∇µ∇νφ+ 6∇µ∇λφ∇λ∇νφ
)]
−6Gµν∇νG(3). (2.17)
Though at first sight it might appear that these equations of motion contain derivatives of order 3 or higher, this is not the case: by
construction, these higher order derivatives cancel on calculating ∇µJ (n)µ. The explicit equations of motion given in Appendix
A.
3 Background equations
We now consider a spatially flat FLRW geometry with metric
ds2 = a2(η)
(−dη2 + dx2) , (3.1)
where η is conformal time. Then the kinetic term X reduces to
X =
1
2a2
φ′2 (3.2)
where a dash denotes a derivative with respect to η. Then the background equations of motion (which most straightfowardly are
obtained by the requiring first order perturbative action to be vanishing to vanish) are given by
H2 = a
2
3
ρ (3.3)
and
H2 + 2H′ + a2P = 0, (3.4)
where the effective energy density ρ and pressure P can be read off from (2.7-2.9) as well as (B.1) and are given by
ρ =
3∑
n=0
ρ(n), P =
3∑
n=0
P (n), (3.5)
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with
ρ(0) = 2XK,X −K, (3.6)
ρ(1) = −6Hφ
′
a2
XG
(1)
,X + 2XG
(1)
,φ , (3.7)
ρ(2) = −6H
2
a2
(
G(2) − 4X
(
G
(2)
,X +XG
(2)
,XX
))
− 6Hφ
′
a2
(
2XG
(2)
,Xφ +G
(2)
,φ
)
, (3.8)
ρ(3) = 36
H2
a2
X
(
2XG
(3)
,Xφ + 3G
(3)
,φ
)
− 12H
3φ′
a4
X
(
5G
(3)
,X + 2XG
(3)
,XX
)
, (3.9)
and
P (0) = K, (3.10)
P (1) = 2XG
(1)
,φ +
2
a2
XG
(1)
,X (φ
′′ −Hφ′) , (3.11)
P (2) = 4XG
(2)
,φφ +
2
a2
G(2)
(H2 + 2H′)+ 4
a2
XG
(2)
,Xφ (φ
′′ − 3Hφ′) + 2
a2
G
(2)
,φ (Hφ′ + φ′′)
+
8
a2
HXG(2),XX
(
2HX − φ
′φ′′
a2
)
+
1
a2
G
(2)
,X
[
4X
(H2 − 2H′)− 4H
a2
φ′φ′′
]
, (3.12)
P (3) = −24
a2
HXG(3),φφφ′ +
24H2
a4
X2G
(3)
,XX (φ
′′ −Hφ′) + 12H
a4
G
(3)
,XX
[(
2H′ − 3H2)φ′ + 3Hφ′′]
+
24
a2
HXG(3),Xφ
(
3HX − φ
′φ′′
a2
)
+
12
a2
G
(3)
,φ
[
X
(
3H2 − 2H′)− 2H
a2
φ′φ′′
]
. (3.13)
Of course the energy fluxes and anisotropic stresses vanish on the background, and (3.6)-(3.13) reduce to the standard expressions
[9, 14, 17, 20] in the k-essence (1.3), Galileon (1.4) and G-inflation limits (1.5) respectively.
The equation of motion for the scalar field follows from (2.12) (or alternatively as a combination of (3.3) and (3.4)) and is
given by
1
a4
(
a2J
)′
= L,φ
with
J = K,Xφ
′ − φ
′
a2
(
−a2G(1),φ + 3HG(1),Xφ′
)
− 6Hφ
′
a2
(
−HG(2),X + φ′
(
G
(2)
,Xφ −G(2),XX
Hφ′
a2
))
−6H
2φ′
a6
[
−3a4G(3),φ + φ′
(
3a2HG(3),X + φ′
(
−3a2G(3),Xφ +HG(3),XXφ′
))]
,
and
L,φ = K,φ −
1
a2
G
(1)
,φ (2Hφ′ + φ′′) +
1
a4
6
(
a2G
(2)
,φ
(H2 +H′)+HG(2),Xφφ′φ′′)
−6H
a6
[
HG(3),Xφ (φ′)
2
(−2Hφ′ + 3φ′′) + 3a2G(3),φ (2H′φ′ +Hφ′′)
]
.
As usual, we define the slow-roll parameter
ǫ ≡ −d ln(H/a)
d ln a
= 1− H
′
H2 (3.14)
which, on using the background equations (3.3)-(3.4), and in order to get a exponential expansion phase, imposes
|ǫ| = a
2
2H2 |ρ+ P | ≪ 1. (3.15)
(This generalizes the slow-roll condition for the scalar field in k-essence model
∣∣∣ φ′22H2K,X∣∣∣≪ 1.)
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4 Linear perturbations
We now derive the second order action governing the dynamics of linear perturbations around the background solution for the
general action given in (2.1), using standard techniques (and in particular following [40]). One should note that this second order
action has already been studied in [23]: taking into account differences of notation, we have checked that all our results agree
with the corresponding expressions given in [23].
Before proceeding, it is useful to count the number of dynamical degree(s) of freedom in our system. Since the Lagrangian
(2.1) is constructed such that the corresponding field equations of motion (for both the scalar field and the metric) are second-
order, there are no additional degree of freedom: the dynamical degrees of freedom of the model are exactly those of standard
General Relativity with minimally coupled single scalar field, namely one propagating scalar mode and two tensor modes.
Given that the curvature perturbation ζ is conserved on large scales [39], we have found it more convenient to carry out
perturbation calculations in the uniform scalar field gauge with δφ = 0. Then the perturbed metric takes the form1
ds2 = a2(η)
[− (e2α − e−2ζδij∂iβ∂jβ) dη2 + 2∂iβdηdxi + e2ζδijdxidxj] , (4.1)
so that in terms of ADM variables, the lapse, shift, and metric on spacial slices are given by
N = aeα , Ni = a
2∂iβ and hij = a
2e2ζδij (4.2)
respectively. Just as in minimally coupled k-essence, the lapse and shift and thus α and β are constraints in our model (2.1).
Thus in general α, β can be solved for perturbatively in terms of curvature perturbation ζ:
α =
∑
m=1
α(m), β =
∑
m=1
β(m), (4.3)
where the subscript “(m)” denotes the order in ζ. Furthermore, since α, β are constraints, their first order solution α(1) and β(1)
are adequate for our purpose to evaluate the power spectrum and bispectrum.
4.1 Power spectra
4.1.1 Scalar perturbations
On using the form of the perturbed metric (4.1), a straightforward Taylor expansion of the full action (2.1) together with some
integration-by-parts and use of the background equations, yields the quadratic action for ζ, α and β:
S(2) [ζ, α, β] =
∫
dηd3xa2
[
−3gζζ′2 + cζ (∂ζ)2 − 3H2mαα2 + 2gζ∂α · ∂ζ + 6Hfααζ′ + 2gζζ′∂2β − 2Hfαα∂2β
]
. (4.4)
In (4.4) four dimensionless coefficients appear (that is, dimensionless when we reinstate the Planck mass Mpl), and they are given
by:
gζ = 1− 4XG(2),X + 2G(2) −
12
a2
X
(
a2G
(3)
,φ −HG(3),Xφ′
)
, (4.5)
cζ = 1 + 2G
(2) +
12
a2
X
[
G
(3)
,X (φ
′′ −Hφ′) + a2G(3),φ
]
, (4.6)
mα =
1
2
− a
2
6H2
(
K + 4X2K,XX
)− a2
3H2X
(
2XG
(1)
,Xφ +G
(1)
,φ
)
+
φ′
HX
(
3G
(1)
,X + 2XG
(1)
,XX
)
(4.7)
+G(2) − 2X
(
5G
(2)
,X + 2X
(
7G
(2)
,XX + 2XG
(2)
,XXX
))
+
φ′
H
(
4X2G
(2)
,XXφ + 8XG
(2)
,Xφ +G
(2)
,φ
)
(4.8)
+
2Hφ′
a2
X
(
25G
(3)
,X + 4X
(
6G
(3)
,XX +XG
(3)
,XXX
))
− 6X
(
4X2G
(3)
,XXφ + 16XG
(3)
,Xφ + 9G
(3)
,φ
)
, (4.9)
fα = 1 +
φ′
HXG
(1)
,X + 2
(
G(2) − 4X
(
G
(2)
,X +XG
(2)
,XX
))
+
φ′
H
(
2XG
(2)
,Xφ +G
(2)
,φ
)
(4.10)
+
6Hφ′
a2
X
(
5G
(3)
,X + 2XG
(3)
,XX
)
− 12X
(
2XG
(3)
,Xφ + 3G
(3)
,φ
)
. (4.11)
Here gζ etc are normalized such that in k-essence models (K 6= 0, G(1,2,3) = 0),
gζ = cζ = fα = 1, and
mα = 1− a
2
3H2X
(
K,X + 2XK,XX
)
= 1− ǫ
3c2s
,
1Throughout this paper, spatial indices are raised and lowered and summarized by δij and ∂2β = δij∂i∂jβ, δij , and (∂iβ)2 = δij∂iβ∂jβ, (∂i∂jβ)2 =
δikδjl∂i∂jβ∂k∂lβ etc should be understood.
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where c2s is the standard expression in k-essence models, namely c2s = K,X/
(
K,X + 2XK,XX
)
which we will derive below.
Notice more generally that neitherK norG(1) contribute to gζ and cζ : thus in the G-inflation limit we also have gζ = cζ = 1. On
the other hand G(2) and G(3) contribute to all four expressions. Finally, in the standard Galileon limit (1.4) the above expressions
simplify a great deal.
The constraints α and β are now obtained by varying (4.4), yielding
α =
gζ
Hfα ζ
′, (4.12)
∂2β =
gζ
Hfα ∂
2ζ − 3
(
gζmα
f2α
− 1
)
ζ′. (4.13)
(Again one can verify that in k-essence limit, (4.12)-(4.13) reduces to the standard results [41] α = ζ′
H
and ∂2β = −∂2ζ
H
+
a2
H2
X
(
K,X + 2XK,XX
)
ζ′ = −∂2ζ
H
+ ǫ
c2
s
ζ′.) On substituting the constraints (4.12)-(4.13) solution into (4.4), we obtain the
final quadratic action for ζ,
S(2)[ζ] =
∫
dηd3xa2
ǫs
c2s
(
ζ′
2 − c2s(∂ζ)2
)
, (4.14)
which is controlled by two key coefficients
ǫs ≡ 1
a2
(
a2g2ζ
Hfα
)′
− cζ , (4.15)
c2s =
ǫs
3gζ
(
1− gζmα
f2α
)−1
, (4.16)
which determine the normalization and propagation speed of ζ respectively. In the k-inflation limit, ǫs = ǫ whereas c2s is given
by the familiar expression [9]. In G-inflation, our expressions agree with those of [20, 33] (on using the background equations of
motion), while in the pure Galileon limit they agree with those given [28]. Finally, similar expressions for the general Galileon
model can be found in [19].
Finally, in order to avoid ghost and instabilities, we must impose
ǫs > 0 , c
2
s > 0. (4.17)
Notice, however, that since ǫs is not simply related to the slow-roll parameter ǫ, requiring ǫs > 0 does not necessarily impose
H˙ < 0.
4.1.2 Tensor perturbations
For completeness, we also consider the tensor perturbation
ds2 = a2(η)
[−dη2 + (δij + hij) dxidxj] , (4.18)
where the symmetric tensor hij is transverse and traceless. The quadratic action for the tensor modes hij can be easily derived
as
S(2)T =
∫
dηd3x
a2
8
ǫT
c2T
[(
h′ij
)2 − c2T (∂khij)2] , (4.19)
where
ǫT = cζ , c
2
T =
cζ
gζ
. (4.20)
Notice that no new parameters enter into the tensor perturbations, and that in both k-inflation and G-inflation where cζ = gζ = 1,
we have ǫT = cT = 1.
In the general model (2.1), both the amplitude and the propagating speed of gravitational waves are modified relative to
k-essence model. In particular, the tensor perturbation can be either amplified or suppressed by tuning the parameters gζ and cζ ,
which can be done only with G(2,3). Finally, in order to avoid ghost and instabilities, we require
gζ > 0, cζ > 0. (4.21)
We now introduce the polarization decomposition
hij(η,k) =
∑
s=+,×
hs(η,k)esij(k), (4.22)
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where the symmetric tensors e+,×ij are transverse and traceless kiǫsij(k) = ǫsii = 0, and satisfy the orthogonal and normalization
condition: esij(k)es
′∗
ij (k) = 2δss′ . In terms of hs, action (4.19) can be rewritten as
S(2)T =
∑
s=+,×
∫
dηd3x
a2
4
ǫT
c2T
(
h′2s − c2T (∂hs)2
)
. (4.23)
4.1.3 Quantization
We now quantize the perturbations following the standard procedure e.g. [42].
To this end, we assume a quasi-de Sitter inflationary background, and that the Hubble parameter H , ǫs, cs, ǫT and cT
are slowly varying with time during the period when cosmological perturbations, whose scales are of the current observational
interest, are generated and exit the Hubble scales. In this case, we use the familiar mathematical trick, i.e. first evaluating the
power spectra by treating H , ǫs, cs, ǫT and cT are exact constant, then taking into account their time-dependence by identifying
H = H(η∗(k)), ǫs = ǫs(η∗(k)) etc with −cskη∗ = 1 in order to evaluating the spectrum indices, up to the first order in
slow-varying parameters.
The canonically normalized variable corresponding to ζ is defined by ζ˜ ≡ a
cs
√
2ǫsζ ≡ zζ, and from (4.14) it satisfies the
familiar equation of motion
ζ˜′′k +
(
c2sk
2 − z
′′
z
)
ζ˜k = 0. (4.24)
On selecting positive frequency solutions which correspond to the standard Bunch-Davis vacuum deep inside the Hubble scale,
and on converting back to ζ, we find
ζk(η) ≃ iH
2
√
ǫscsk3
(1 + icskη) e
−icskη, (4.25)
(where H = H/a) so that the power spectrum on super-Hubble scales (|cskη| ≪ 1) is given by
Pζ = H
2
8π2ǫscs
, (4.26)
where all quantities are evaluated around the Hubble exit at |cskη| = 1. Notice that this differs from the usual single field result
in that ǫ is replaced by ǫs which, contrary to k-inflation, may not necessarily be small (a larger ǫs would tend to decrease the
power spectrum). Similarly, the tensor power spectrum is given by
PT = 2H
2
π2ǫT cT
, (4.27)
which can again be amplified, or reduced, depending on the values of ǫT cT . At this point, we emphasize that our expressions
(4.26) and (4.27) are consistent with the corresponding results got in [23].
The tensor-to-scalar ratio therefore reads
r ≡ PTPζ =
16ǫscs
ǫT cT
. (4.28)
The spectral indices for scalar and tensor perturbations are given by
nζ − 1 ≡ d lnPζ
d ln k
= −2ǫ− ηs − s, (4.29)
nT ≡ d lnPT
d ln k
= −2ǫ− ηT − sT , (4.30)
where in the above,
ηs =
d ln ǫs
d ln a
, ηT =
d ln ǫT
d ln a
, s =
d ln cs
d ln a
, sT =
d ln cT
d ln a
. (4.31)
In terms of these slow-varying parameters, ǫs defined in (4.15) can be recast as2
ǫs =
1
fα
ǫ2T
c4T
(
ǫ+ 1 + a2 (2ηT − sf − 4sT )
)− ǫT , (4.32)
where
sf = d ln fα/d lna. (4.33)
2Note that we have not managed to eliminate fα and use it here as a slowly varying parameter.
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In k-inflation and G-inflaton, ǫT = cT = 1, ηT = sT = 0, nT = −2ǫ, so that the tensor-to-scalar ratio r = 16ǫscs. In k-inflation
where ǫs = ǫ, then r = −8csnT which is the standard consistency relation. In G-inflation ǫs and ǫ are related in a complicated
manner, but one can again derive a modified consistency relation. This was already found in [18, 19, 23, 26, 30], and in our case
is expressed as
r = −8cs ǫT
fαc5T
[
nT + 2
(
fαc
4
T
ǫT
− 1
)
+ ηT + sT − 2a2 (2ηT − sf − 4sT )
]
. (4.34)
Thus, this gives the first distinctive feature of generalized Galileon model different from k-essence model.
5 Bispectrum of curvature perturbation ζ
5.1 Cubic action for the curvature perturbation
In this section we again follow the standard approach and extend the previous calculation to third order in perturbation theory.
Due to the presence of various higher-order derivative terms in generalized Galileon model (2.1), the number of cubic order
terms in perturbative Lagrangian is very large! In order to group various terms, we have proceeded by the following steps. First,
we integrate by parts to remove the time derivatives of α and β, and second we simply (or are able even to eliminate) terms using
the background equations of motion (see Appendix C). After rather tedious and cumbersome multiple integrations-by-parts, we
eventually arrive at the following third-order action for ζ, α and β:
S(3)[ζ, α, β]
=
∫
dηd3x a2
{
gζ
[
−9ζζ′2 + 2ζ′ (ζ∂2β + ∂iζ∂iβ)− α (∂iζ)2 + (∂iβ)2 ∂2ζ − 1
2
ζ
(
4α∂2ζ − (∂2β)2 + (∂i∂jβ)2)
]
+cζζ (∂iζ)
2 − 9H2mαα2ζ + 2Hfαα
(
9ζζ′ − ζ∂2β − ∂iζ∂iβ
)
+
λ1
H
[
ζ′3 − ζ′2∂2β + 1
2
ζ′
(
4α∂2ζ +
(
∂2β
)2 − (∂i∂jβ)2)− α (∂2ζ∂2β − ∂i∂jζ∂i∂jβ)
]
+λ2α
[
3ζ′2 − 2ζ′∂2β + 1
2
((
∂2β
)2 − (∂i∂jβ)2)
]
− λ3Hα2
(
3ζ′ − ∂2β)− λ4α2∂2ζ + λ5
2
H2α3
}
. (5.1)
This3 contains 28 cubic interaction terms and nine dimensionless coefficients: four of these are gζ , cζ , fα and mα which already
3We have compared our result with (e.g.) the corresponding results recently presented in [26]. It is interesting to find that, (5.1) has essentially the same
structure with eq.(46) in [26], which also has 28 cubic terms controlled by nine independent coefficients. More interestingly, these coefficients have exactly the
same relations among them.
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appeared in the second order action (4.4); and the remainder we call λi, (i = 1, · · · , 5), whose explicit expressions are:
λ1 = −12Hφ
′
a2
G
(3)
,XX, (5.2)
λ2 = 1 + 2
[
G(2) − 4X
(
G
(2)
,X +XG
(2)
,XX
)]
+
12Hφ′
a2
X
(
5G
(3)
,X + 2XG
(3)
,XX
)
− 12X
(
2XG
(3)
,Xφ + 3G
(3)
,φ
)
, (5.3)
λ3 = 1 +
φ′
HX
(
3G
(1)
,X + 2XG
(1)
,XX
)
+2
[
G(2) − 2X
(
5G
(2)
,X + 2X
(
7G
(2)
,XX + 2XG
(2)
,XXX
))]
+
φ′
H
(
4X2G
(2)
,XXφ + 8XG
(2)
,Xφ +G
(2)
,φ
)
+
6Hφ′
a2
X
[
25G
(3)
,X + 4X
(
6G
(3)
,XX +XG
(3)
,XXX
)]
− 12X
(
4X
(
XG
(3)
,XXφ + 4G
(3)
,Xφ
)
+ 9G
(3)
,φ
)
, (5.4)
λ4 = 1 + 2
(
G(2) + 4X2G
(2)
,XX
)
− 12Hφ
′
a2
X
(
3G
(3)
,X + 2XG
(3)
,XX
)
+ 12X
(
2XG
(3)
,Xφ +G
(3)
,φ
)
, (5.5)
λ5 = 1 +
a2
3H2
[
K − 2X (K,X + 6XK,XX + 4X2K,XXX)]
+
2φ′
H X
[
9G
(1)
,X + 4X
(
4G
(1)
,XX +XG
(1)
,XXX
)]
− 2a
2
3H2X
(
4X2G
(1)
,XXφ + 8XG
(1)
,Xφ +G
(1)
,φ
)
+2
[
G(2) − 4X
(
7G
(2)
,X + 4X
(
10G
(2)
,XX + 7XG
(2)
,XXX +X
2G
(2)
,XXXX
))]
+
2φ′
H
(
8X3G
(2)
,XXXφ + 36X
2G
(2)
,XXφ + 26XG
(2)
,Xφ +G
(2)
,φ
)
+
4Hφ′
a2
X
(
125G
(3)
,X + 218XG
(3)
,XX + 84X
2G
(3)
,XXX + 8X
3G
(3)
,XXXX
)
−12X
(
8X3G
(3)
,XXXφ + 60X
2G
(3)
,XXφ + 98XG
(3)
,Xφ + 27G
(3)
,φ
)
. (5.6)
where again, λi are properly normalized.
At this point, it is useful to recall the k-essence model values of λi’s, which are given by
λ1 = 0, λ2 = λ3 = λ4 = 1, (5.7)
λ5 = 1 +
a2
3H2
[
K − 2X (K,X + 6XK,XX + 4X2K,XXX)] . (5.8)
Using the background equations of motion, in k-inflation models, λ5 can alternatively be written as λ5 = − 4a2H2 λ, where
λ = X2K,XX +
2
3
X3K,XXX ,
which is the “popular” combination which was introduced (e.g.) in [41] (note the original definition of λ has dimension as H2).
Thus λ5 is the natural generalization of λ in the Galileon model (2.1), whereas λ1, λ2, λ3 and λ4 are new parameters in Galileon
model, which are trivial in k-essence models. It is interesting to note that in G-inflation, λ1 = 0, λ2 = λ4 = 1 as in k-essence
model. Their corrections arise only when higher order Galileon terms, i.e. G(2) etc are included.
Finally, we can eliminate α and β in (5.1) using the constraint solutions (4.12)-(4.13). After another set of cumbersome
integration-by-parts, the number of cubic interaction terms surprisingly from 28 to 10 and we obtain
S(3)[ζ] =
∫
dηd3xa2
{
Λ1
H ζ
′3 + Λ2ζ
′2ζ + Λ3ζ (∂iζ)
2
+
Λ4
H2 ζ
′2∂2ζ + Λ5ζ
′∂iζ∂
iψ + Λ6∂
2ζ (∂iψ)
2
+
Λ7
H2
[
∂2ζ (∂iζ)
2 − ζ∂i∂j
(
∂iζ∂jζ
)]
+
Λ8
H
[
∂2ζ∂iζ∂
iψ − ζ∂i∂j
(
∂iζ∂jψ
)]
+ F (ζ)
δL2
δζ
∣∣∣∣
1
}
, (5.9)
with
ψ ≡ ∂−2ζ′. (5.10)
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The 8 dimensionless parameters in (5.9) are given by
Λ1 =
ǫT
c2T
ǫs
c4s
1
fα
+ λ1
(
1− ǫsc
2
T
ǫT c2s
)
+
λ2
fα
(
3
ǫT
c2T
− 2 ǫs
c2s
)
+
λ3
f2α
ǫT
c2T
(
ǫs
c2s
− 3 ǫT
c2T
)
+
1
2
ǫ3T
c6T
λ5
f3α
, (5.11)
Λ2 =
ǫs
c2s
[
3 +
1
c2sfα
ǫT
c2T
(ǫ+ ηT − sf − 2sT − 3− ηs)
]
, (5.12)
Λ3 =
ǫT
c2T fα
[
ǫs
c2s
(1 + ηT + ηs + ǫ− sf − 2sT − 2s) + c2T fα −
ǫT
c2T
(2ηT + ǫ − sf + 1− 4sT )
]
, (5.13)
Λ4 =
ǫT
c2T fα
[
3λ1 − ǫ
2
T
c4T
λ3
f2α
+
ǫT
c2T
(
2
λ2
fα
− λ4
fα
)]
, (5.14)
Λ5 = −1
2
ǫ2sc
2
T
ǫT c4s
[
1 + λ1
c2T
ǫT
(3− s1 − 4sT − ǫ + 2ηT ) + λ2
fα
(3− 2sT − s2 − ǫ+ ηT + sf )
]
, (5.15)
Λ6 =
ǫ2sc
2
T
4ǫT c4s
[
3 + λ1
c2T
ǫT
(ǫ+ s1 + 4sT − 2ηT − 3) + λ2
fα
(ǫ+ 2sT + s2 − ηT − sf − 3)
]
, (5.16)
Λ7 =
ǫ3T
6c6T f
2
α
[
1 + 3λ1
c2T
ǫT
(
2ηT + s1 + 3ǫ− 1− 2sf − 4sT − 2 ǫsc
4
T fα
ǫ2T
)
+
λ2
fα
(
3ηT + s2 + 3ǫ− 1− 6sT − 3sf − 3 ǫsc
4
T fα
ǫ2T
)]
, (5.17)
Λ8 = − ǫsǫT
c2sc
2
T fα
[
1 + λ1
c2T
ǫT
(
s1 + 2ǫ− 2− sf − fα ǫsc
4
T
ǫ2T
)
+
1
2
λ2
fα
(
ηT + s2 + 2ǫ− 2− 2sT − 2sf − 2fα ǫsc
4
T
ǫ2T
)]
, (5.18)
where ǫs, cs, ǫT and cT are defined in (4.15), (4.16) and (4.20) respectively, and the slowly varying parameters ηs, ηT , s and sT
in (4.31) and (4.33). Finally
si =
d lnλi
d ln a
. (5.19)
Equations (5.11)-(5.18) exactly re-produce the corresponding values of Λi’s in the k-essence limit, which are (recall in k-essence
limit, ǫs = ǫ, ǫT = cT = fα = λ2 = λ3 = λ4 = 1, λ1 = 0, λ5 is given in (5.8) and is usually written as λ5 = − 4λH2 )
Λ1 =
ǫ
c2s
(
1
c2s
− 1
)
− 2λ
H2
, Λ2 =
ǫ
c2s
[
3 +
1
c2s
(ǫ− 3− ηǫ)
]
,
Λ3 =
ǫ
c2s
(
1 + ǫ+ ηǫ − 2s− c2s
)
, Λ5 = − ǫ
2
2c4s
(4− ǫ) , Λ6 = ǫ
3
4c4s
,
Λ4 = Λ7 = Λ8 = 0.
where ηǫ = d ln ǫd ln a . In [41], the contribution to the bispectrum of curvature perturbation up to the second-order in slow-varying
parameters were calculated, which correspond to our Λ1, Λ2, Λ3 and Λ5, whereas Λ6 was neglected in [41] as it is third order in
ǫ.
In the last term in (5.9), we introduced
δL2
δζ
∣∣∣∣
1
≡ −2
[(
a2
ǫs
c2s
ζ′
)′
− ǫsa2∂2ζ
]
, (5.20)
which is proportional to the linear equation of motion for ζ obtained by varying (4.14) with respect to ζ, and
F (ζ) = f1ζζ
′ + f2
[
(∂iζ)
2 − ∂−2∂i∂j
(
∂iζ∂jζ
)]
+ f3
[
∂iζ∂
iψ − ∂−2∂i∂j
(
∂iζ∂jψ
)]
, (5.21)
with
f1 = − ǫT
a2Hc2sc2T fα
, (5.22)
f2 =
1
4a2H2f2α
(
2λ1fα + λ2
ǫT
c2T
)
, (5.23)
f3 = − 1
2a2Hfα
ǫsc
4
T
ǫ2T c
2
s
(
λ1fα +
ǫT
c2T
λ2
)
. (5.24)
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5.2 Bispectrum of the curvature perturbation
Having derived the full third order perturbation action (5.9), it is a standard but subtle4 exercise [4] to evaluate the corresponding
bispectrum, i.e. the three point function of curvature perturbation ζ. The tree-level contributions to the three-point functions of ζ
from cubic interactions described by (5.9) can be evaluated using
〈ζk1 (η) ζk2 (η) ζk3 (η)〉 = −2ℜ
[
i
∫ η
ηi
dη′ 〈0 |ζk1 (η) ζk2 (η) ζk3 (η)Hi (η′)| 0〉
]
, (5.25)
where in the right-hand-side of (5.25) all quantities are in the interaction-picture, ηi is some initial time when perturbation modes
are deep inside the Hubble radius, which can be conveniently chosen to be ηi = −∞. At cubic level, the Hamiltonian density is
simply given byH(3) = −L(3).
In the following, we assume that the eight dimensionless coefficients Λi (i = 1, · · · , 8) are approximately constant when
evaluating the three point functions using (5.25). We simply collect the final results, and on denoting
〈ζk1ζk2ζk3〉 = (2π)3 δ3 (k1 + k2 + k3)Bζ (k1, k2, k3) (5.26)
the bispectrum Bζ(k1, k2, k3) is given by
Bζ =
(
2π2
)2
c2sP2ζ
k31k
3
2k
3
3ǫs

6(k1k2k3)2
K3
(
Λ1 +
2
c2s
Λ4
)
+
Λ2
K

2∑
i>j
k2i k
2
j −
1
K
∑
i6=j
k2i k
3
j


+
Λ3
2c2s

∑
i
k3i +
4
K
∑
i>j
k2i k
2
j −
2
K2
∑
i6=j
k2i k
3
j

+ Λ5
2

∑
i
k3i −
1
2
∑
i6=j
kik
2
j −
2
K2
∑
i6=j
k2i k
3
j


+
Λ6
2K2

2∑
i
k5i +
∑
i6=j
kik
4
j − 3
∑
i6=j
k2i k
3
j − 2k1k2k3
∑
i>j
kikj


+
3
2c4s
Λ7
K

∑
i
k4i − 2
∑
i>j
k2i k
2
j



1 + 1
K2
∑
i>j
kikj +
3k1k2k3
K3


+
1
4c2s
Λ8
K2

7K∑
i
k4i + 3k1k2k3
∑
i
k2i − 2
∑
i
k5i − 5k1k2k3K2 − 12
∑
i6=j
k2i k
3
j



 (5.27)
where K = k1 + k2 + k3.
From (5.27), various contributions to the bispectrum Bζ from different three-point interaction terms in (5.9) can be deter-
mined. Notice that ζ′3 and ζ′2∂2ζ contribute the same momentum shape. This can be understood as follows: since we are using
the linear solution of ζ to evaluate the three-point function, we can replace ∂2ζ in ζ′2∂2ζ using the linear equation (5.20), i.e.
c2s∂
2ζ = 2Hζ′ + ζ′′ (note we are approximating H , ǫs, cs, Λi’s etc as constant). Thus we can write
a2
H2Λ4ζ
′2∂2ζ =
a2
H2Λ4ζ
′2 1
c2s
(2Hζ′ + ζ′′) ≃ a
2
H
2Λ4
c2s
ζ′3,
which gives the correct coefficient 2Λ4
c2
s
in the first term in (5.27). In fact, for a similar reason, the shapes proportional to Λ7,8
appearing in (5.27) are not new and must be a linear combination of the others5. Indeed, on using the linear equation of motion
one can also integrate by parts the last two terms in (5.9) which become
a2
Λ7
H2
[
∂2ζ (∂iζ)
2 − ζ∂i∂j (∂iζ∂jζ)
]
≃ a2
[
6
Λ7
H
1
c4s
ζ′3 − 9Λ7
c4s
ζζ′2 + 3
Λ7
c2s
ζ (∂iζ)
2
]
,
a2
Λ8
H
[
∂2ζ∂iζ∂iψ − ζ∂i∂j (∂iζ∂jψ)
] ≃ a2 [3
2
Λ8
1
c2s
ζζ′2 − 1
2
Λ8ζ (∂iζ)
2
+
1
c2s
3Λ8ζ
′∂iζ∂iψ
]
.
4We have only calculated the bulk contributions to the third order action (5.9) and not kept track of the boundary terms. This should give the correct result
for the bispectrum: see [4] and [5] for a discussion of this point in the case of k-inflation.
5See [44]. We thank S.Renaux-Petel pointing out this important point to us.
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Effectively this means that we can set Λ4, Λ7 and Λ8 to zero in (5.27) and replace Λ1,...,6 by
Λ˜1 = Λ1 +
2Λ4
c2s
+
6Λ7
c4s
,
Λ˜2 = Λ2 − 9Λ7
c4s
+
3Λ8
2c2s
,
Λ˜3 = Λ3 +
3Λ7
c2s
− Λ8
2
,
Λ˜5 = Λ5 +
3Λ8
c2s
, Λ˜6 = Λ6 .
Finally, one may be interested in evaluating the dimensionless non-linear parameters, defined by [43]
fNL(k1, k2, k3) ≡ 5
6
Bζ
(2π2)2 P2ζ
∏3
i=1 k
3
i∑3
i=1 k
3
i
. (5.28)
To get some idea about the amplitude of the bispectrum, here we choose the equilateral momentum configuration k1 = k2 = k3
and obtain
f (equil)NL =
5
81
c2s
ǫs
(
Λ˜1 + 6Λ˜2 +
51
4
Λ˜3
c2s
− 3Λ˜5 − 3Λ˜6
)
=
5
81
c2s
ǫs
(
Λ1 + 6Λ2 +
51
4
Λ3
c2s
+
2
c2s
Λ4 − 3Λ5 − 3Λ6 − 39
4
Λ7
c4s
− 51
8
Λ8
c2s
)
, (5.29)
where Λi’s are given in (5.11)-(5.18).
6 Conclusion
In this paper we have studied cosmological perturbation theory in the “generalized Galileon” model proposed in [6, 7]. In 4
space-time dimensions this is the most general scalar field theory whose Lagrangian contains derivatives up to second order
while keeping the equations of motion which are second order and lower. Our model, which includes k-inflation as a special
case, represents a large class of scalar field models which has not been investigated so far.
The present work is the first step in exploring the cosmological implications of “generalized Galileon” models. By deter-
mining the most generic second and third order actions for the curvature perturbation, we calculated the power spectra of scalar
and tensor perturbations as well as the bispectrum of the curvature perturbation. We found modifications of both the ampli-
tude and propagation speed of tensor perturbations due to the presence of L(2) and L(3) Galileon terms. Correspondingly, the
tensor-to-scalar ratio is modified relative to k-essence (see also [23]). We have also showed that, although there are higher-order
derivatives in the Galileon model relative to k-inflation, there are no new contributions to the bispectrum of the curvature pertur-
bation. In order to get a feel for the strength of the bispectrum, we evaluated the non-linear parameter f equilNL for the equilateral
configuration k1 = k2 = k3.
In the future, the strength and shape of primordial non-gaussianities will be constrained both by CMB data as well as,
independently, by galaxy clustering data. Indeed, it is expected [32] that upcoming observations of high redshift clusters may
possibly enable one to put limits on fNL at the level of a few tens. It remains a very interesting and open question to see whether,
as a result of this different data, strong constraints may be put on the different unknown functions appearing in the generalized
Galileon model. Our result (5.27) will be a starting point for such an analysis.
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A Equations of motion
The explicitly second order equations of motion for φ are obtained from (2.13), and are given by
3∑
n=0
E(n) = 0, (A.1)
with
E(0) = φK,X +K,XX∇µX∇µφ− 2XK,Xφ +K,φ, (A.2)
E(1) = 2φG(1),φ − 2XG(1),φφ +G(1),X
[
(φ)2 − (∇µ∇νφ) 2 −Rµν∇µφ∇νφ
]
−2G(1),Xφ (Xφ−∇µX∇µφ) +G(1),XX (∇µX∇µX +φ∇µX∇µφ) , (A.3)
and
E(2) = G(2),XX
[
(φ)3 − 3φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3 − 2φRµν∇µφ∇νφ
−4Rµν∇µφ∇νX +R∇µX∇µφ+ 2Rρµσν∇ρφ∇σφ∇µ∇νφ
]
+G
(2)
,XXX
[
2φ∇µX∇µX +
(
(φ)
2 − (∇µ∇νφ)2
)
∇ρX∇ρφ− 2∇µX∇νX∇µ∇νφ
]
.
−2G(2),XGµν∇µ∇νφ+ 2G(2),XXφ
[
X
(
(∇µ∇νφ) 2 − (φ)2
)
+ 2∇µX∇µX + 2φ∇µX∇µφ
]
+RG
(2)
,φ +G
(2)
,Xφ
[
3
(
(φ)
2 − (∇µ∇νφ) 2
)
− 2RX − 4Rµν∇µφ∇νφ
]
+ 2G
(2)
,Xφφ (∇µX∇µφ− 2Xφ) . (A.4)
Though it is not particularly eluminating, the expression for E(3) is given by
E(3) = F1G(3),X + F2G(3),XX + F3G(3),XXX + F4G(3),XXφ + F5G(3),Xφ + F6G(3),Xφφ + F7G(3),φ + F8G(3),φφ, (A.5)
where F1, · · · , F8 are scalar functions given by
F1 = 3R
[
(φ)2 − (∇µ∇νφ)2 −Rµν∇µφ∇νφ
]
+ 3
(
2RµρR
ρ
ν + 2R
ρσRµρνσ −R ρσλµ Rνρσλ
)∇µφ∇νφ
+12Rµν (∇ρ∇µφ∇ρ∇νφ−φ∇µ∇νφ) + 6Rµρνσ∇µ∇νφ∇ρ∇σφ, (A.6)
F2 = 3R (∇µX∇µX +φ∇µX∇µφ)− 3
[
(φ)2 − (∇ρ∇σφ)2
]
Rµν∇µφ∇νφ
+6Rµν (2∇µφ∇ν∇ρφ∇ρX −∇µX∇νX −∇µ∇νφ∇ρX∇ρφ− 2φ∇µX∇νφ)
+6Rρµσν
[(
φ∇µ∇νφ−∇µ∇λφ∇ν∇λφ
)∇ρφ∇σφ+ 2∇ρφ∇σX∇µ∇νφ] , (A.7)
F3 = 3
[
(φ)
2 − (∇µ∇νφ)2
]
∇ρX∇ρX + 6∇µX∇νX (∇µ∇ρφ∇ρ∇νφ−φ∇µ∇νφ)
+
[
(φ)
3 − 3φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
∇ρX∇ρφ, (A.8)
F4 = 12 (φgµν −∇µ∇νφ)∇µX∇νX + 6
[
(φ)2 − (∇µ∇νφ)2
]
∇ρX∇ρφ
−2X
[
(φ)
3 − 3φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
, (A.9)
F5 = 4
[
(φ)
3 − 3φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3
]
− 6R (Xφ−∇µX∇µφ)
+12Rµν [X∇µ∇νφ−φ∇µφ∇νφ− 2∇µφ∇νX ] + 12Rρβαµ∇ρφ∇αφ∇µ∇βφ, (A.10)
F6 = −6X
[
(φ)
2 − (∇µ∇νφ)2
]
+ 6∇µX∇µX + 6φ∇µX∇µφ, (A.11)
F7 = −12Gµν∇µ∇νφ, (A.12)
F8 = −6Gµν∇µφ∇νφ. (A.13)
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B Explicit expression for T (3)µν
The energy-momentum tensor corresponding to L(3) takes the following form:
T (3)µν = C1gµν + C2∇µφ∇νφ+ C3∇µX∇νX + C4∇(µφ∇ν)X + C5∇µ∇νφ+ C6∇βX∇β∇(νφ∇µ)φ
+C7 ∇β1X∇β1∇βφ∇β∇(µφ∇ν)φ+ C8∇α∇µφ∇ν∇αφ+ C9∇β1X∇(νX∇β1∇µ)φ
+C10∇β∇αφ∇α∇µφ∇β∇νφ+ τ (3)µν , (B.1)
where C1, · · · , C10 are scalar coefficients which are given by
C1 = 6G
(3)
,φ
[
(∇ρ∇σφ)2 − (φ)2 + 2Gρσ∇ρφ∇σφ−RX
]
− 6G(3),φφ (∇ρX∇ρφ− 2Xφ)
−6G(3),Xφ
(
X
(
(∇ρ∇σφ) 2 − (φ)2
)
+ 2∇ρX∇ρX + 2φ∇ρX∇ρφ
)
−3G(3),X
[2
3
(
(✷φ)
3 − 3φ (∇ρ∇σφ) 2 + 2 (∇ρ∇σφ)3
)
− 2φRρσ∇ρφ∇σφ
−4Rρσ∇ρX∇σφ+R∇ρX∇ρφ+ 2Rρλστ∇ρφ∇σφ∇λ∇τφ
]
−G(3),XX
[
3
(
(φ)
2 − (∇ρ∇σφ) 2
)
∇λX∇λφ− 6∇ρX∇σX∇ρ∇σφ+ 6φ∇ρX∇ρX
]
, (B.2)
C2 = 6G
(3)
,Xφ
[
(φ)
2 − (∇ρ∇σφ) 2
]
+ 6G
(3)
,φ R + 6G
(3)
,φφφ− 6G(3),XGρσ∇ρ∇σφ
+G
(3)
,XX
[
(φ)3 − 3 (∇ρ∇σφ)2φ+ 2 (∇ρ∇σφ)3
]
, (B.3)
C3 = 12G
(3)
,Xφ + 6G
(3)
,XXφ, (B.4)
C4 = 6G
(3)
,XR+ 6G
(3)
,XX
[
(φ)
2 − (∇ρ∇σφ)2
]
+ 24G
(3)
,Xφφ+ 12G
(3)
,φφ, (B.5)
C5 = 12G
(3)
,φ φ− 12G(3),φφX − 6G(3),X
[
(∇ρ∇σφ)2 − (φ)2 +Rρσ∇ρφ∇σφ
]
−2G(3),Xφ (6Xφ− 6∇ρX∇ρφ) + 6G(3),XX (∇ρX∇ρX +φ∇ρX∇ρφ) , (B.6)
C6 = −12G(3),XXφ− 24G(3),Xφ, (B.7)
C7 = 12G
(3)
,XX , (B.8)
C8 = −12G(3),Xφ+ 12G(3),XφX − 12G(3),φ − 6G(3),XX∇aX∇aφ, (B.9)
C9 = −12G(3),XX , (B.10)
C10 = 12G
(3)
,X , (B.11)
and τ (3)µν represents terms whose µ, ν-indices explicitly depend on or coupled to Riemannian tensors:
τ (3)µν = −12G(3),φ
(
XRµν +Rµρνσ∇ρφ∇σφ+ 2∇(µφRν)ρ∇ρφ
)
−6G(3),X
{
2
[
(φ∇ρφ+∇ρX)Rρ(µ +∇σ∇ρφ∇λφRλρσ(µ −Rρσ∇ρφ∇σ∇(µφ
]∇ν)φ
−∇ρX∇ρφRµν + 2∇ρφRρ(µ∇ν)X
−Rρ(µν)σ∇ρφ (φ∇σφ+ 2∇σX)− 2∇ρφ∇λφRλσρ(µ∇σ∇ν)φ
}
. (B.12)
C General consideration of the structure of perturbative action
Due to the complexity of the perturbative calculation, it is useful try to deduce some general properties of the perturbed action.
As we now show, on using the background equations of motion, two types of cancellation occur rather generally. As a result
the conclusions of this appendix are useful not only to simplify expressions but also provide us consistency check in practical
calculations.
We first argue that in the quadratic Lagrangian there are no “mass term” ζ2 and αζ; and similarly in the cubic Lagrangian
there are no ζ3 and αζ2. To this end, we focus on the corresponding fully non-perturbative Lagrangian of (2.1), substitute (4.1),
and furthermore neglect all spatial gradient terms. This yields
L ≈ e3ζ [A(ζ′, α) + α′B(ζ′, α) + ζ′′C(ζ′, α)] , (C.1)
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with
A =
1
a2
e−5α
[
a6e6αK + 6G
(3)
,X (H+ ζ′)2 (φ′)
2
((2H− ζ′)φ′ − 3φ′′) +
a4e4α
(
3(H+ ζ′)(H + 2ζ′) + 3H′ + 6G(2) ((H + ζ′)(H + 2ζ′) +H′)−G(1) ((2H+ 3ζ′)φ′ + φ′′)
)
−6a2e2α(H+ ζ′)
(
−G(2),Xφ′ (ζ′φ′ + φ′′) + 3G(3) ((3ζ′(H+ ζ′) + 2H′)φ′ + (H + ζ′)φ′′)
) ]
, (C.2)
B =
1
a2
e−5α
[
18G
(3)
,X (H + ζ′)2 (φ′)
3 − a4e4α
(
3
(
1 + 2G(2)
)
(H+ ζ′)−G(1),Xφ′
)
+6a2e2α(H+ ζ′)φ′
(
9G(3)(H + ζ′)−G(2),X φ′
) ]
, (C.3)
C = e−3α
(
3a2e2α
(
1 + 2G(2)
)
− 36G(3)(H + ζ′)φ′
)
. (C.4)
We emphasize that in (C.2)-(C.4) we neglect all spatial derivatives in the functions K and G(1,2,3), so for example K =
K (12
e−2α
a2
φ′2, φ). Notice that ζ enters the Lagrangian (C.1) only through an overall prefactor e3ζ .
Although (C.1) can further simplified through integration-by-parts, it is already adequate for the following discussion. The
perturbative expansion of (C.1) yields
L = L(0) + L(1) + L(2) + L(3) + . . . , (C.5)
where the linear action is
L(1) =
(
3A−A′,ζ′ + C′′
)
ζ + (A,α −B′)α, (C.6)
which is vanishing and yields the corresponding background equations of motion
E¯ζ ≡ 3A−A′,ζ′ + C′′ = 0, (C.7)
E¯α ≡ A,α −B′ = 0, (C.8)
where quantities are understood as their background values. After integration-by-parts, in the quadratic Lagrangian terms which
which are proportional to ζ2 and ζα are
L(2) ⊃
3
2
(
3A−A′,ζ′ + C′′
)
ζ2 + 3 (A,α −B′) ζα, (C.9)
and in the cubic Lagrangian:
L(3) ⊃
3
2
(
3A−A′,ζ′ + C′′
)
ζ3 +
9
2
(A,α −B′) ζ2α. (C.10)
At this point, it is explicit that ζ2 and αζ in the quadratic Lagrangian (C.9), ζ3 and αζ2 in the cubic Lagrangian (C.10) are
proportional to the background equations (C.7)-(C.8) respectively, which are thus vanishing.
The above analysis can be directly generalized to the higher orders. Generally, in n-th order perturbative action, ζn the
proportional to the background equation of ζ (C.7), αζn−1 is proportional to the background equation of α (C.8), which is the
background energy constraint. Thus both ζn and αζn−1 must be vanishing in the n-th order perturbative action6.
Another type of cancelations is the self-interaction terms of β. One can explicitly check that the coefficient before β3
self-interaction terms is proportional to the background energy constraint and thus vanishes.
We wish to emphasize that the above cancellation is a virtue of choosing ADM-compatible perturbation variables7, i.e.
N = aeα and N = a2∂iβ. If one alternatively chooses other variables, in general there is no such cancellation.
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